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$1. INTRODUCTION 
IN HIS PAPER [ 11, Wall discusses the idea of a generically embedded curve in BP’, related 
to the local appearance of the radially projected curve as viewed from different points 
in R3. 
Wall shows that a generic curve never meets a straight line in five points. There 
may, however, be finitely many straight lines, quadrisecants, which meet the curve in 
four points. The local view of the curve from distant points on a quadrisecant will 
have four branches crossing transversely. 
In this paper we ask how simple the embedding of a closed curve must be if the 
curve has no quadrisecants. Under a slight extension of Wall’s term generic to ensure 
a similar regularity of appearance of the curve when viewed from other points of the 
curve itself, we prove: 
THEOREM. A generically embedded closed curve with no quadrisecants is unknotted. 
We expect that in the non-generic case a knotted closed curve will have a genuine 
quadrisecant. (If we widened the definition of quadrisecant to allow the intersections 
of a line with the curve to be counted with multiplicity, including, e.g. a tangent line 
which meets the curve in two further points, then a limiting argument would produce 
at least a “fake” quadrisecant for a knotted closed curve.) 
Although the theorem deals with differentiable embeddings, it can be proved by a 
similar argument that a knotted PL curve in general position must have a quadrise- 
cant, other than one of its own straight edges. This result will probably hold for any 
knotted curve, whether differentiable or not. 
It seems possible to estimate the number of quadrisecants for a generic knot in 
terms of its minimum crossing number. Experiments with wire in the simplest case 
agree with the following conjecture. 
CONJECTURE. A generic knot with crossing number n has at least (1/2)n(n - 1) 
quadrisecants. 
52. GENERICALLY EMBEDDED CURVES 
Wall’s analysis of a generic curve shows that the projection of the curve from a 
point of R3 only has simple crossings as its singularities except when the point lies on 
certain two, one or zero-dimensional subsets of R3. The singularities shown in Fig. 1, 
tacnode, simple cusp and triple point can be seen from certain two-dimensional 
subsets, while anything more complicated, e.g. a curve and an inflectional tangent, are 
seen only from finitely many lower dimensional subsets, if at all. See [l] for the 
complete list. 
We shall ask that our curve be generic in the sense of Wall, and that it meet these 
subsets “transversely”. By this we mean that for each point p on the curve, a 
tThe second author wishes to thank the University of Liverpool for financial support during the period 
of this research. 
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sufficiently small interval round p meets the subsets defined by the complement of the 
interval transversely, and in particular meets only the two-dimensional subsets. The 
result is to restrict the type of singularities seen when projecting from a point p on the 
curve to simple crossings or, from finitely many points, those in Fig. 1, with one extra 
possibility. This arises, since the image is no longer a closed curve, but has two ends 
corresponding to the tangent at p. Where the tangent meets the curve again, at 4 say, 
one of these ends will lie on another branch of the projected curve, as in Fig. 2. This 
can happen for finitely many 4, when the picture viewed from 4 has a simple cusp at 
P- 
In §5 we rephrase this definition of genericity in the language of multijet trans- 
versality, and show that generic embeddings form a residual subset of all embeddings. 
In the following sections we shall prove the theorem using the properties of generic 
embeddings. 
83. THE FAMILY OF PROJECTIONS OF A CURVE 
Let us assume that our curve is generically embedded in the sense of the previous 
section. From each point p on the curve project the curve radially to a sphere S* 
centre p. The image of the curve, Dp C S*, is a path joining opposite ends of the 
diameter which is tangent to the curve at p. For all but finitely many critical values of 
p the path D,, is immersed with a finite number of simple crossings. In such cases we 
can view Dp as a knot diagram for the original knotted curve by distinguishing an over 
and an undercrossing at each simple crossing. If these crossings are separated 
accordingly, and the end points of D, joined by the diameter we recover a curve in R’ 
isotopic to the original. 
Because of the transversality requirement in our definition we can picture how Dp 
changes as p passes a critical value. There are four possible singularity types that can 
appear in Dp at a critical value of p, shown in Figs. 1 and 2. We can assume that only 
one occurs at any critical value. The changes in Dp in the neighbourhood of the 
singular point as p passes the critical value are shown in Fig. 3 with over and 
undercrossings indicated. The rest of Dp changes simply by isotopy in S*. For 
reference we shall distinguish the critical values as types 1, 2, 3 or 4 as in Fig. 3. 
Notice that a critical value p of type 4 lies on a quadrisecant of the curve through p 
and the apparent triple point. 
Fig. 2. 
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THEOREM. A generically embedded closed curve with no quadrisecants must be 
unknotted. 
Starting from the curve let us consider the family of diagrams Q constructed by 
projection for each p on the curve as a subset D C S* x S’, with D n S2 x {p} = DP 
for each p. We shall look at the singular subset X C D consisting of the family of 
singular points of DP for all p, in connection with the natural projection a: X --) S’. 
Away from critical values of p, rr-‘{p} is the finite set of crossing points of DP and r 
is a covering. The nature of 72 above critical values of each type is indicated 
schematically in Fig. 4, where the inverse image of an interval round the critical value 
is shown. 
Let us now assume that the -curve has no quadrisecants. Then there are no critical 
values of type 4, and X is a l-manifold, with boundary points above critical values of 
types 2 and 3. If we choose an orientation for our curve then each critical value p can 
be termed a “birth” or a “death” depending on whether the number of crossings 
increase or decrease as p is passed. A point of X in ~-l(p) can be viewed as a 
trisecant meeting the curve in three distinct points, except at a boundary point of X 
where two of these coincide and yield a tangent line. One of the extreme points of the 
three on the trisecant line is the point p. Write p: X + S1 for the map which selects 
the middle point of the three on each trisecant line. So k(x) = r(x) only at a boundary 
point x E X. 
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LEMMA 1. The map r is inessential on every component of X. 
Proof. Suppose not. Then let Y C X be a component, without a boundary, on 
which 7~ has degree k# 0. Since r(y) f p(y) for any y E Y it follows that F also has 
degree k on Y, and hence that CL: Y + S’ is onto. Thus every point of the curve is the 
middle point of some trisecant. This is impossible, since every height function on Iw3 
has extreme points on the curve which are not middle points. 
54. MODIFYING FAMILIES OF DIAGRAMS 
In this section we shall deal with certain subsets of S* x S’, including, but not 
confined to, the family D of projections of a curve as described in 03. 
Definition. Call the subset D C S* x S’ a restricted family of diagrams if (i) the 
sets Q, = D n S* x {p} consist, for all but finitely many p, of an arc immersed in S’ 
with simple crossings, at which an over and undercrossing are distinguished, and (ii) 
on passing a critical value of p, Dp changes as for types 1, 2 or 3 in Fig. 3 near one 
singular point, and otherwise it changes smoothly with p, preserving over and 
undercrossings. 
The curves in R3 formed by separating over and undercrossings of Q C S*, and 
joining the end points by a diameter of S* will yield isotopic knots for all choices of p. 
Call this isotopy class the knot class of D. If, for example, D has been constructed by 
projections of an embedded smooth curve then this curve belongs to the knot class of 
D. 
The singular set X C D of a restricted family of diagrams is a l-manifold, possibly 
with boundary. Call components of X essential or inessential according to their 
behaviour under the projection P: X + S’. 
LEMMA 2. For any restricted family of diagrams D, with singular set X, there is 
another family D’ with the same knot class, whose singular set has the same number 
of essential components as X, but has no inessential components. 
Proof of Theorem. Every component of the singular set X in the restricted family 
of diagrams D constructed from the given curve by projection is inessential, by 
Lemma 1. Hence, by Lemma 2, there exists a family of diagrams D’ with the same 
knot-class, having no singular set. This knot-class can be represented, using any of the 
diagrams Dp’, by an embedded arc in S* and a diameter. Such a closed curve is 
unknotted. 
Proof of Lemma 2. If 7r: X + S’ has no critical values then q is a covering and 
there is nothing to prove. Otherwise, having chosen an orientation for S’, there must 
occur among the critical values a birth followed immediately by a death. (If say, a 
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birth occurs as we pass each critical value, then the number of points in r-‘{p} would 
increase as p makes a circuit of S’.) We shall alter D over an interval containing only 
these two critical values to give a new restricted family of diagrams D, with at most 
two critical values in this interval. Clearly, since D and D agree over part of S’ they 
will have the same knot class. 
The new singular set _% C B will be more regular in relation to the projection, with 
essential components straightened out slightly, and possibly an inessential component 
of X omitted. See Fig. 5 for the modifications to the singular set. 
More precisely, there is a homeomorphism h from X to a subset Y C X, which 
commutes up to homotopy with projection to S’, or X = 0 = Y, where Y = X or 
X - Y is an inessential component of X. Moreover X has fewer points lying above 
critical values in S’. 
Since any inessential component of X either disappears in X, or continues, via h-‘, 
to form an inessential component of 2, we shall reach the required D’ whose singular 
set has no inessential components after a finite number of such alterations. In fact 
we could continue until the essential components, if any, cover S’ regularly. 
The alteration from D to fi must now be prescribed for a consecutive birth and 
death of any of the three types. Let us suppose that the birth and death occur at 
critical values p and 4 in the interval [a, b] C S’. Select an intermediate value c so 
that a < p < c < q < b in the orientation order. The new family fi over [a, b] will be 
constructed with the same initiai and final diagrams, D, = DO, 4 = Dbr but a new 
intermediate diagram DC, related to the initial and final diagrams either by passing 
through a single birth of types 1,2 or 3, or simply by an isotopy. This passage from fit 
to fi, and Db by way of the simple birth or isotopy then provides the way to complete 
fi over the intervals [a, cl and [c, b]. 
The diagrams in Fig. 5 show X and r? above [a, b] with a viewed as projection, in 
the various cases depending on the type of birth and death, and whether any singular 
point is involved in both. The map h can readily be produced in each case. 
It remains to show that a suitable candidate for the new intermediate diagram fit 
can always be found. Let us start with the original diagram DC C S*. The diagrams D, 
(b) ?A 
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Fig. 5. 
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and Db are both reached from this by the simple death of one or two singular points. 
For a type 1 death of two singular points X, y E 0, there will be two arcs joining x to 
y in 0, which bound a disc A C S2 meeting D, only in these arcs. The change to D, 
takes place (up to isotopy on S2) only in a neighbourhood of A. 
There is a similar disc for a type 2 death bounded by a loop joining the singular 
point to itself, and for a type 3 death there is an arc in D, from the singular point to an 
end-point of D, with all the action again taking place in a close neighbourhood. 
Write A for the disc (or arc in type 3) determined in this way in S’ by the death 
which yields D, from D,, and write B for the disc or arc yielding Db from 0,. These 
discs or arcs only contain the singular point(s) of DC which are to die. 
Then D, and Db only differ, up to isotopy in S2, in a neighbourhood of A U B. 
If the singular points which die in passing from DC to D, are different from those 
which die between D, and Db then A and B are disjoint, for neither contains any part 
of DC in its interior, and they have no boundary in common unless they have some 
common singular point. Choose disjoint neighbourhoods of A and B, and alter DC to 
D, by killing the singular points in each. Then Da and Db are both reached from 0, by 
a simple birth, in the neighbourhood of B and A respectively, so in D the death in B 
is followed by the birth in A. The corresponding alterations to the singular set are 
those in 5(a), (b) or (c). 
In the remaining cases A and B will either meet at one singular point only, or, 
since D, must be a single immersed arc, if they have more boundary in common they 
will coincide. 
If A = B, then Da and Db will be isotopic, and D, can be replaced by D, with the 
isotopy connecting D, and Db completing fi. The singular set will change as in 5(f) or 
(g). 
We are left with the cases where A and B meet in a single point. The possible 
configurations for D, in a neighbourhood of A C B are shown with appropriate over 
and undercrossings in Figs. 6-8. The corresponding diagrams for the singular set are 
given by 5(d), (e) and (g) respectively. The different cases in Figs. 7 and 8 cover the 
possibilities of type 2 or type 3 singularities. The configurations 8(ii) and (iii) can be 
excluded since D, is an immersed arc. In the remaining cases fit is given by altering 
D, in the neighbourhood as shown. Outside the neighbourhood D, and D,, agree with 
D, up to isotopy, and within it they are also shown on the diagrams. It can be seen 
that in each case Da and Db are reached from 0, either by isotopy or by a simple 
birth, enabling D to be completed as claimed. 
Remark. The first author has been able to show that a link with two components in 
general position has at least k2 quadrisecants which meet the components alternately, 
where k is the linking number. The proof uses the technique of representing trisecants 
on copies of S’ x S’ by taking the middle point and one end point of each trisecant. A 
Fig. 6. 
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Fig. 8. 
combination of this technique and the methods used in this section shows that a 
two-component link without quadrisecants must be trivial. 
$5. GENERIC EMBEDDINGS 
It remains to show that for a sufficiently large class of embeddings of S’ in W3, the 
family of diagrams obtains by projecting from points on the curve is indeed a 
restricted family of diagrams as defined in 04. 
LEMMA 3. For a residual set of embeddings of S’ in R3, the image of the curve after 
projection from any one of its points contains, apart from simple crossings, only the 
singularities shown in Fig. 1, and as the point of projection moves along the curve, 
these singularities are unfolded as shown in Fig. 3. 
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Proof. In [I] Wall defines a residual set (which we shall call C) of embeddings of 
S’ in W3 for which only the singularities in a list which he gives there are visible under 
projection from points in 6X3 off the curve. Moreover, each of these singularities, with 
the exception of the quadruple crossing, is versally unfolded by the family of 
mappings obtained by letting the point of projection vary in three-space. By versality 
we always mean versality with respect to the group d of local diffeomorphisms at 
source and target. If a singularity S is visible from a point on the curve then from 
points in space on the line joining this point to the perceived singularity, an “aug- 
mented” singularity S is seen, consisting of S plus an additional branch of the curve. 
Thus for a curve in C we need only look at the singularities in Wall’s list involving 
two or more branches of the curve, and such that on removing one of the branches, a 
singularity other than a simple crossing remains. These are shown in Fig. 9. Removal 
of the starred branch in (i) or (iii) leaves the simple cusp or triple point, as shown in 
Fig. 1. Now the situation is slightly complicated in the case of (ii) and (iv). The 
difference between them is that the two branches of the curve which have non- 
transverse contact have inflexional (3rd order) contact in (iv), while in (ii) they have 
only tangential (2nd order) contact; but the degree of contact may be altered by 
moving the point of projection along the line of sight, and so what will appear as 2nd 
order contact between two branches of the curve from all except one of the points on 
the line of sight, will appear as higher order contact from this one remaining point. 
Thus, we cannot use Wall’s list alone to exclude the possibility that, for a curve in C, 
two branches of the curve will appear to have 3rd order contact when viewed from a 
point on a 3rd branch. However, a straightforward if tedious calculation shows that in 
the multijet space $(S’, R3) the set of multi-jets exhibiting this circumstance is 
algebraic of codimension four, so that (by Mather’s multijet transversality theory, [l], 
p. 741) for a residual set of curves it will not occur. Intersecting this set with C, we 
obtain a residual set C of curves satisfying the first statement of the lemma. 
A perceived singularity that is versally unfolded by the family of projections, is 
versally unfolded as the eye moves along a curve in space if and only. if this curve 
meets the corresponding equisingularity manifold transversely. (This is a simple 
consequence of the finite sQ-determinacy of all of the singularities in question.) Thus 
for example, a first order cusp is verbally unfolded if the path that the eye follows in 
space crosses the tangent developable of the embedded curve transversely. It is easy 
to see, in the case of the cusp, tacnode and trisecant, that if the branch of the curve 
from which we are viewing fails to cross the equisingularity manifold transversely, 
(iii) ** (iv)i_f 
Fig. 9. 
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Fig. 10. 
then the augmented singularities seen are those shown in Fig. 10. None of these 
figures is in Wall’s list for the curves of C. Hence the original singularities, when seen 
from a point on the curve, must be versally unfolded as the eye moves along the 
curve. The drawings in Fig. 3 are simply representations of these versa1 unfoldings as 
one-parameter families of curve germs. 
COROLLARY. There is a residual set of curves, c, such that, for every curve in c, 
the family of diagrams obtained by projecting from the points on the curve is a 
restricted family of diagrams. 
Proof. After Lemma 3 all that we need do is examine the singularity of Fig. 2. But 
in fact there is nothing new here -it is just the same as the cusp, in as much as in each 
case the augmented singularity is that of Fig. 9(i). 
In the case of the singularity shown in Fig. 2, the starred branch is being viewed 
from the point on the other branch which appears here as the vertex of the cusp, 
while a cusp appears in 0, when p is on the starred branch. In any case, the same 
argument as that used in the proof of the lemma shows that for ,a curve in C, if the 
singularity of Fig. 2 appears then it is versally unfolded as shown in Fig. 3. 
Finally, the assumption that for each p E S’, at most one of the singularities of 
Figs. 1 and 2 appears in D,,, is in fact the assumption that the corresponding 
equisingularity manifolds do not meet on the curve. Although this could be proved by 
an extension of Soares’s theorem (see [l], p. 742), in our case it is sufficient, since we 
are only interested in three specific and algebraically definable singularities, to assure 
the reader that in the corresponding multi-jet spaces J’(Sl, R3), the codimension of 
the phenomenon in question is in each case greater than k, so that for a subset (? C c, 
still residual, it does not occur. 
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